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MAPPING PROPERTIES FOR OPERATOR-VALUED
PSEUDODIFFERENTIAL OPERATORS ON TOROIDAL
BESOV SPACES
BIENVENIDO BARRAZA MARTI´NEZ, ROBERT DENK,
JAIRO HERNA´NDEZ MONZO´N, AND MAX NENDEL
Abstract. In this paper, we consider pseudodifferential operators on
the torus with operator-valued symbols and prove continuity properties
on vector-valued toroidal Besov spaces, without assumptions on the un-
derlying Banach spaces. The symbols are of limited smoothness with
respect to x and satisfy a finite number of estimates on the discrete
derivatives. The proof of the main result is based on a description of the
operator as a convolution operator with a kernel representation which
is related to the dyadic decomposition appearing in the definition of the
Besov space.
1. Introduction
In this note, we consider mapping properties of pseudodifferential oper-
ators on the n-dimensional torus Tn = (R/2πZ)n in vector-valued Besov
spaces. Toroidal pseudodifferential operators are defined and investigated,
e.g., in the monograph [16] by Ruzhansky and Turunen. Here, the group
structure of Tn is used to define a global quantization with covariable k ∈ Zn
(Fourier series). This quantization is also the basis for the definition of the
Besov spaces on the torus by means of a dyadic decomposition of Zn (see
Definition 2.5 below). Compared to the other possible approach where Tn is
treated as a closed manifold, one has the advantage of a global quantization
without the necessity to introduce local coordinate charts. The theory of
pseudodifferential operators on the torus was developed by Agranovich [1],
McLean [13], Melo [14], Bu-Kim [6], [7] and others.
Mapping properties of toroidal pseudodifferential operators in Lp-spaces
were studied studied by Delgado [10], Molahajloo-Shahla-Wong [15], Wong
[19], Cardona [9] and others. In particular, in Cardona [9] mapping properties
in Besov and Ho¨lder spaces are shown. The global quantization approach
mentioned above can be generalized to compact Lie groups, see Ruzhansky-
Turunen [17], Ruzhansky-Turunen-Wirth [18], Cardona [8] and references
therein.
The above references deal with the scalar-valued case. In the situation
where the considered functions have values in some Banach space E, the sit-
uation depends on the geometric properties of E. If E is a UMD space
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(and hence in particular reflexive), then Mikhlin-type results yield Lp-
boundedness, see Arendt-Bu [3], Keyantuo-Lizama-Poblete [12], Barraza-
Gonza´lez-Herna´ndez [5]. The case of general Banach spaces was studied by
Amann [2] on Rn and by Denk-Barraza-Herna´ndez-Nau [4] on Tn. While in
[4] only pseudodifferential operators with x-independent symbols (Fourier
multipliers) were studied, in the present note we investigate x-dependent
vector-valued symbols with values in a general Banach space.
We consider pseudodifferential operators whose symbols have limited
smoothness with respect to x and satisfy a finite number of growth con-
ditions in analogy to the conditions of Ho¨rmander. The symbols have values
in L(E), the space of all bounded linear operators in E, where E stands
for an arbitrary Banach space. The main result (Theorem 3.3) states that
the pseudodifferential operator op[a] related to the symbol a of order m
induces a bounded linear operator from Bs+mpq (T
n, E) to Bspq(T
n, E), where
the range of s is in a natural way restricted by the smoothness of a and
where p, q ∈ [1,∞]. One of the main steps in the proof consists of a descrip-
tion of the operators op[a] op[φj] and op[φj ] op[a] as convolution operators
(see Lemma 2.6). Here (φj)j∈N0 is a dyadic decomposition of Z
n, and the
kernels of these operators can be written in form of an infinite sum adapted
to this dyadic decomposition. This allows to avoid oscillatory integrals and
sum-integrals. We note that this approach gives a new proof of the Besov
space continuity even in the x-independent case (cf. [4]), and therefore it
may serve as a basis for future generalizations to locally compact abelian
groups and to compact Lie groups (see also Remark 3.4 a)). Both the map-
ping properties and the convolution kernel description can be used to show
generation of analytic semigroups for parabolic pseudodifferential operators
on the torus. This will be the content of a subsequent paper.
2. Kernel estimates for toroidal pseudodifferential operators
In the following, let E be a Banach space with norm ‖ · ‖. Throughout
this paper, we fix n ∈ N, ρ ∈ N with ρ ≥ n + 1, r ∈ [0,∞) and m ∈ R. We
consider operator-valued pseudodifferential operators on the n-dimensional
torus Tn = (R/(2πZ))n, where we use [−π, π]n as a set of representatives.
Note that in this case, the euclidian norm |x| of a representative equals the
distance of x to 0 in the metric on Tn. We use standard notation for smooth
vector-valued functions f ∈ C∞(Tn, E) and their Fourier series (discrete
Fourier transform)
(Ff)(k) := fˆ(k) :=
∫
Tn
e−ik·xf(x)d−x (k ∈ Zn),
where d−x := (2π)−ndx. The Fourier transform is extended by duality
to the space of vector-valued toroidal distributions u ∈ D ′(Tn, E) :=
L(C∞(Tn), E), see [4], Section 2 for more details.
The symbol class on the torus is defined with help of the discrete deriva-
tives (differences) ∆α
k
. For this, let j ∈ {1, . . . , n}, and let δj := (δjk)k=1,...,n
be the j-th unit vector in Rn. For a : Zn → E and α ∈ Nn0 , we set
∆kja(k) := a(k+ δj)− a(k) (k ∈ Z
n),
∆αk := ∆
α1
k1
. . .∆αnkn .
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We refer to [16], Sect. 3.3.1, for a more detailed discussion of the dis-
crete analysis on the torus. In the following definition, we set 〈k〉 :=
(1 + |k|2)1/2 (k ∈ Zn).
Definition 2.1. a) Let Sm,ρ,r := Sm,ρ,r (Tn × Zn, L(E)) be the set of all
functions a : Tn × Zn −→ L(E) such that [x 7−→ a (x,k)] ∈ Cr (Tn, L(E))
for all k ∈ Zn, and ‖a‖(ρ,r)m <∞. Here, in the case r ∈ N0 we define
‖a‖(ρ,r)m := max
|α|≤ρ
max
|β|≤r
sup
x∈Tn
sup
k∈Zn
〈k〉|α|−m ‖∆αk∂
β
xa(x,k))‖L(E),
and in the case r ∈ (0,∞) \ N we define
‖a‖(ρ,r)m := ‖a‖
(ρ,⌊r⌋)
m
+ max
|α|≤ρ
|β|=⌊r⌋
sup
x,y∈Tn
x 6=y
sup
k∈Zn
〈k〉|α|−m
‖∆α
k
∂βxa(x,k)) −∆αk∂
β
y a(y,k))‖L(E)
|x− y|r−⌊r⌋
.
b) For a ∈ Sm,ρ,r the pseudo-differential operator op[a] is defined by
(op[a]f)(x) =
∑
k∈Zn
eik·xa(x,k)fˆ(k) (f ∈ C∞(Tn, E), x ∈ Tn). (2–1)
Remark 2.2. a) It is easily seen that for f ∈ C∞(Tn, E) we have
(fˆ(k))k∈Zn ∈ S (Z
n, E), where S (Zn, E) stands for the Schwartz space
of all functions φ : Zn → E with supk∈Zn〈k〉
N‖φ(k)‖ < ∞ for all N ∈ N
(see, e.g., [4], Lemma 2.2). Therefore, the sum in (2–1) converges absolutely.
b) Inserting the definition of fˆ(k) into the right-hand side of (2–1), we
formally get
(op[a]f)(x) =
∑
k∈Zn
∫
Tn
eik·(x−y)a(x,k)f(y)d−y
=
∑
k∈Zn
∫
Tn
eikya(x,k)f(x− y)d−y.
(2–2)
However, this sum-integral does not converge in general. To make such in-
tegrals convergent (and to change the order of integration and summation),
one has to use either oscillatory sum-integrals (see [4], Remark 3.4) or use
integration by parts (see [16], Remark 4.1.18). In the cases considered below,
the symbols will be good enough to guarantee absolute convergence of the
sum-integrals.
The definition of toroidal Besov spaces is based on a dyadic decomposition
in the covariable space Zn. We use the following definition.
Definition 2.3. A sequence (ϕj)j∈N0 ⊂ S (Z
n) is called a dyadic decompo-
sition if the following conditions are satisfied.
(i) We have suppϕ0 ⊂ {k ∈ Z
n : |k| ≤ 2} and suppϕj ⊂ {k ∈ Z
n : 2j−1 ≤
|k| ≤ 2j+1} for j ∈ N.
(ii) For each k ∈ Zn, we have 0 ≤ ϕj(k) ≤ 1 (j ∈ N0) and
∑
j∈N0
ϕj(k) = 1.
(iii) For each α ∈ Nn0 , exists a constant cα > 0 independent of j and k such
that
|∆αkϕj(k)| ≤ cα〈k〉
−|α| (j ∈ N, k ∈ Zn).
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Remark 2.4. A partition of unity on Zn can be obtained as a restriction of a
partition of unity on Rn in the sense of [4], Definition 3.5, or [2], Section 4.
Here, the definition of a partition of unity (ϕ˜j)j∈N0 on R
n includes the
condition
|∂αξ ϕ˜j(ξ)| ≤ cα2
−j|α| (ξ ∈ Rn).
Taking ϕj := ϕ˜j |Zn , we obtain condition 2.3 (iii) by [16], proof of Theo-
rem II.4.5.3, which states that for each k ∈ Zn,
∆γ
k
ϕj(k) = ∂
γ
ξ ϕ˜j(ξ)
∣∣
ξ=ξ˜
with some ξ˜ ∈ [k1, k1 + γ1]× . . .× [kn, kn + γn]. This implies
|∆γ
k
ϕj(k)| ≤ C〈k〉
−|γ| (j ∈ N, k ∈ Zn) (2–3)
using the conditions on the support of ϕj .
Throughout the following, we will fix a dyadic decomposition (ϕj)j∈N0 ⊂
S (Zn). We set ϕ−1 := 0 and define
χj := ϕj−1 + ϕj + ϕj+1 (j ∈ N0).
Then χj = 1 on suppϕj , i.e., we have ϕjχj = ϕj for all j ∈ N0.
Definition 2.5. For p, q ∈ [1,∞] and s ∈ R, the Besov space Bspq(T
n, E) is
defined as the space of all u ∈ D ′(Tn, E) with ‖u‖Bspq(Tn,E) <∞, where
‖u‖Bspq(Tn,E) :=
∥∥∥(2js‖ op[ϕj ]u‖Lp(Tn,E))j∈N0
∥∥∥
ℓq(N0)
.
For properties of vector-valued Besov spaces on the torus, we refer to [4],
Remark 3.9. For the analog spaces in Rn, see [2], Section 5. The Besov space
does not depend on the choice of the dyadic decomposition (in the sense of
equivalent norms).
The estimates for pseudodifferential operators on toroidal Besov spaces
below are based on their representation as integral operators and estimates
for their kernels. We adapt this representation to the dyadic decomposition
and obtain better convergence properties. In particular, there is no need to
consider oscillatory sum-integrals.
Lemma 2.6. Let a ∈ Sm,ρ,r, and let f ∈ C∞(Tn, E).
a) We have
(op[a]f)(x) =
∑
κ∈N0
(op[a] op[ϕκ]f)(x) (x ∈ T
n).
Here, the series on the right-hand side converges in C(Tn, E) (i.e., uniformly
in x).
b) For every x ∈ Tn and j ∈ N0,(
op[a] op[ϕj ]f
)
(x) =
∫
Tn
Kj(x, y)f(x− y)d
−y,
where
Kj(x, y) :=
∑
k∈Zn
eik·ya(x,k)ϕj(k). (2–4)
(Note that this is a finite sum.)
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c) For every x ∈ Tn and j ∈ N0,(
op[a] op[ϕj ]f
)
(x) =
∑
κ∈N0
[ ∫
Tn
∫
Tn
K
(1)
jκ (x, y, z)(op[χκ]f)(x− y − z)d
−yd−z
]
,
where
K
(1)
jκ (x, y, z) :=
∑
k,ℓ∈Zn
eiℓ·yeik·zϕj(ℓ)ϕκ(k)a(x,k).
d) For every x ∈ Tn and j ∈ N0,(
op[ϕj ] op[a]f
)
(x) =
∑
κ∈N0
[ ∫
Tn
∫
Tn
K
(2)
jκ (x, y, z)(op[χκ]f)(x− y − z)d
−yd−z
]
,
where
K
(2)
jκ (x, y, z) :=
∑
k,ℓ∈Zn
eiℓ·yeik·zϕj(ℓ)ϕκ(k)a(x − y,k).
The series over κ in c) and d) converge in C(Tn, E), the sums over k and
ℓ are finite.
Proof. a) Because of
∑
κ∈N0
ϕκ = 1, we obtain
(op[a]f)(x) =
∑
k∈Zn
eix·ka(x,k)fˆ (k) =
∑
k∈Zn
( ∑
κ∈N0
eix·ka(x,k)ϕκ(k)fˆ(k)
)
.
(2–5)
For every k ∈ Zn, there are at most three κ ∈ N0 with ϕκ(k) 6= 0. This and
ϕκ ≤ 1 yield∑
k∈Zn, κ∈N0
∥∥a(x,k)ϕκ(k)fˆ(k)∥∥ ≤ 3 ∑
k∈Zn
‖a(x,k)‖L(E)‖fˆ(k)‖E
≤ C
∑
k∈Zn
〈k〉m‖fˆ(k)‖ <∞.
In the last step, we have used (fˆ(k))k∈Zn ∈ S (Z
n, E). Therefore, the series
in (2–5) converges in C(Tn, E), and we may change the order of summation
which yields a).
b) This follows from
(op[a] op[ϕj ]f)(x) =
∫
k∈Zn
eik·xa(x,k)ϕj(k)fˆ(k)
=
∑
k∈Zn
[ ∫
Tn
eik·xa(x,k)ϕj(k)e
−ikzf(z)d−z
]
=
∑
k∈Zn
[ ∫
Tn
eik·ya(x,k)ϕj(k)f(x− y)d
−y
]
=
∫
Tn
Kj(x, y)f(x− y)d
−y.
Note that the sum is finite, and therefore we may change the order of sum-
mation and integration.
c) We use ϕκχκ = ϕκ and op[ϕj ] op[ϕκ] = op[ϕκ] op[ϕj ] and apply a) to
get
op[a] op[ϕj ]f =
∑
κ∈N0
op[a] op[ϕκ] op[ϕj ] op[χκ]f.
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Here, the sum on the right-hand side converges in C(Tn, E) due to a). Ap-
plying b), we see that(
op[a] op[ϕκ] op[ϕj ] op[χκ]f
)
(x) =
∫
Tn
Kκ(x, z)
(
op[ϕj ] op[χκ]f
)
(x− z)d−z
with Kκ being defined in (2–4). Another application of b) with a being
replaced by the constant symbol (x,k) 7→ idE gives(
op[ϕj ] op[χκ]f
)
(x) =
∫
Tn
K˜j(y)
(
op[χκ]f
)
(x− y)d−y
with K˜j(y) :=
∑
ℓ∈Zn e
iℓ·yϕj(ℓ). Altogether we obtain(
op[a] op[ϕj ]f
)
(x) =
∑
κ∈N0
∫
Tn
∫
Tn
K
(1)
jκ (x, y, z)(op[χκ]f)(x− y − z)d
−yd−z
with
K
(1)
jκ (x, y, z) := Kκ(x, z)K˜j(y).
d) Similarly, we apply a) and twice b) to get(
op[ϕj ] op[a]f
)
(x) =
∑
κ∈N0
(
op[ϕj ] op[a] op[ϕκ] op[χκ]f
)
(x)
=
∑
κ∈N0
∫
Tn
∫
Tn
K
(2)
jκ (x, y, z)(op[χκ]f)(x− y − z)d
−yd−z,
with K
(2)
jκ (x, y, z) := K˜j(y)Kκ(x− y, z) which shows the assertion in d). 
The following estimate on the kernel Kj defined in Lemma 2.6 will be one
key ingredient for the proof of Besov space continuity of toroidal pseudodif-
ferential operators.
Theorem 2.7. Let b ∈ Sm,ρ,0, and set
Kj(x, y) :=
∑
k∈Zn
eik·yϕj(k)b(x,k) (j ∈ N0).
Then
‖Kj(x, y)‖L(E) ≤ C 2
jmgj,θ(y)‖b‖
(ρ,0)
m (x, y ∈ T
n, j ∈ N0, θ ∈ (0, 1)),
(2–6)
where
gj,θ(y) :=
(2j |y|)θ
|y|n(1 + 2j |y|)
(y ∈ Tn).
Proof. The proof follows the ideas from [4], proof of Lemma 4.8.
Note that ϕj(k) = 0 for |k| > 2
j+1 implies ∆γ
k
ϕj(k) = 0 for |k| >
2j+1 + |γ|. In the same way, ϕj(k) = 0 for |k| < 2
j−1 implies ∆γ
k
ϕj(k) = 0
for |k| < 2j−1 − |γ|.
Let n0 be the smallest integer such that 2
−n0(n+ 1) ≤ 14 . Then
2j+1 + |γ| ≤ 2j+1 + (n+ 1) ≤ 2 · 2j+1 = 2j+2
and
2j−1 − |γ| ≥ 2j−1 − (n+ 1) ≥
1
2
· 2j−1 = 2j−2
hold for all j ≥ n0 and all |γ| ≤ n+ 1.
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Condition 2.3 (iii) and the condition a ∈ Sm,ρ,0 imply with the discrete
Leibniz formula that
‖∆γ
k
(ϕj(k)a(x,k))‖L(E) ≤ C ‖a‖
(ρ,0)
m 〈k〉
m−|γ|
for (x,k) ∈ Tn×Zn, j ∈ N0 and |γ| ≤ n+1. Moreover, for each x ∈ T
n and
j ≥ n0 we have
∆γ
k
(ϕj(k)a(x,k)) = 0 (2–7)
if |k| < 2j−2 or if |k| > 2j+2.
Let N ∈ {n, n+1}, and set (eiη − 1)γ :=
∏n
k=1(e
iηk − 1)γk . Then we have
(see [4], Remark 4.7)
|η|N ≤ C
∑
|γ|=N
∣∣(e−iη − 1)γ ∣∣ (η ∈ Tn)
and
(e−iη − 1)γKj(x, η) =
∑
k∈Zn
(eik·η − 1)∆γ
k
(ϕj(k)a(x,k)).
In combination with the elementary inequality |eik·η − 1| ≤ 2|k|θ|η|θ which
holds for all θ ∈ (0, 1), we get
|η|N‖Kj(x, η)‖L(E) ≤ C ‖a‖
(ρ,0)
m |η|
θ
∑
k∈Bj
|k|θ〈k〉m−N (x, η ∈ Tn) (2–8)
with Bj := {k ∈ Z
n : 2j−2 ≤ |k| ≤ 2j+2}. Due to [4], inequality (4-5), for all
µ > 0 the inequality ∑
ℓ∈µ−1Zn\{0}
|ℓ|∞≤1
|ℓ|θ−nµ−n ≤ Cθ
holds. Setting µ := 2j+2, we obtain∑
k∈Zn\{0}
|k|≤2j+2
|k|θ−n =
∑
ℓ∈µ−1Zn\{0}
|ℓ|≤1
|µℓ|θ−n ≤
∑
ℓ∈µ−1Zn\{0}
|ℓ|∞≤1
|µℓ|θ−n
≤ Cθµ
θ = C2jθ.
Inserting this into (2–8) with N = n yields∑
k∈Bj
|k|θ〈k〉m−n ≤
(
sup
k∈Bj
〈k〉m
) ∑
k∈Bj
|k|θ−n ≤ C · 2j(m+θ). (2–9)
Note here that for m ≥ 0 we used the estimate
〈k〉m ≤ C · 2(j+2)m = C · 2jm,
while for m < 0 we used
〈k〉m ≤ C · 2(j−2)m = C · 2jm.
For (2–8) with N = n+ 1 we have in the same way∑
k∈Bj
|k|θ〈k〉m−n−1 ≤ C
∑
k∈Bj
|k|θ−n〈k〉m−1 ≤ C · 2j(θ+m−1). (2–10)
Therefore, we obtain
|η|n‖Kj(x, η)‖L(E) ≤ C ‖a‖
(ρ,0)
m · 2
j(m+θ)|η|θ,
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|η|n+1‖Kj(x, η)‖L(E) ≤ C ‖a‖
(ρ,0)
m · 2
j(m+θ−1)|η|θ.
Multiplying the second inequality by 2j and adding both inequalities yields
‖Kj(x, η)‖L(E) ≤ C ‖a‖
(ρ,0)
m · 2
jm (2
j |η|)θ
|η|n(1 + 2j |η|)
(x, η ∈ Tn, j ≥ n0).

3. Mapping properties in toroidal Besov spaces
In this section, we use the kernel estimates from above to show continuity
of pseudodifferential operators in toroidal vector-valued Besov spaces.
Lemma 3.1. a) Let p ∈ [1,∞], and let K : Tn×Tn → L(E) be measurable.
Assume that there exists a function g ∈ L1(Tn) with
‖K(x, y)‖L(E) ≤ g(y) (x, y ∈ T
n).
For x ∈ Tn and f ∈ Lp(Tn, E), define F (x) :=
∫
Tn
K(x, y)f(x− y)d−y. Then
F (x) is well-defined for almost all x ∈ Tn and
‖F‖Lp(Tn,E) ≤ ‖g‖L1(Tn)‖f‖Lp(Tn,E) (f ∈ L
p(Tn, E)).
b) Let p ∈ [1,∞], let K : Tn × Tn × Tn → L(E) be measurable. Assume
that there exist functions g, h ∈ L1(Tn) with
‖K(x, y, z)‖L(E) ≤ g(y)h(z) (x, y, z ∈ T
n).
For x ∈ Tn, define F (x) :=
∫
Tn
∫
Tn
K(x, y, z)f(x− y − z)d−yd−z. Then F (x)
is well-defined for almost all s ∈ Tn and
‖F‖Lp(Tn,E) ≤ ‖g‖L1(Tn)‖h‖L1(Tn)‖f‖Lp(Tn,E) (f ∈ L
p(Tn, E)).
Proof. a) Let p ∈ [1,∞). For x ∈ Tn, we have
‖F (x)‖ =
∥∥∥ ∫
Tn
K(x, y)f(x− y)d−y
∥∥∥ ≤ ∫
Tn
‖K(x, y)‖L(E)‖f(x− y)‖d
−y
≤
∫
Tn
g(y)‖f(x− y)‖d−y = (g ∗ ‖f‖)(x).
Therefore,
‖F‖Lp(Tn,E) ≤
∥∥g ∗ ‖f‖∥∥
Lp(Tn)
≤ ‖g‖L1(Tn)‖f‖Lp(Tn,E).
In particular, this yields that F (x) is well-defined for almost all x ∈ Tn. The
case p =∞ follows similarly.
b) This follows in the same way. By the assumption on K, we can estimate
‖F (x)‖ ≤
∫
Tn
[ ∫
Tn
g(y)h(z)‖f(x − y − z)‖d−y
]
d−z =
(
h ∗ (g ∗ ‖f‖)
)
(x).
This yields the desired estimate on ‖F‖Lp(Tn,E) and the fact that F (x) is
well-defined for almost all x ∈ Tn. 
Lemma 3.2. Let a ∈ Sm,ρ,r with r ∈ (0, 1).
a) For all j ∈ N0 and f ∈ C
∞(Tn, E),
‖ op[a] op[ϕj ]f‖Lp(Tn,E) ≤ C‖a‖
(ρ,r)
m 2
jm‖ op[χj]f‖Lp(Tn,E).
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b) For all j ∈ N0 and f ∈ C
∞(Tn, E),
‖ op[ϕj ] op[a]f‖Lp(Tn,E)
≤ C‖a‖(ρ,r)m
(
2jm‖ op[χj]f‖Lp(Tn,E) + 2
−jr‖f‖Bmp1(Tn,E)
)
.
Proof. a) By Lemma 2.6 b),
(op[a] op[ϕj ]f)(x) =
∫
Tn
Kj(x, y)f(x− y)d
−y
with Kj being defined in (2–4). Due to Theorem 2.7, for arbitrary θ ∈ (0, 1),
‖Kj(x, y)‖L(E) ≤ C2
jm‖a‖(ρ,r)m gj,θ(y) (x, y ∈ T
n).
Because of
‖gj,θ‖L1(Tn) =
∫
Tn
(2j |y|)θ
|y|n(1 + 2j |y|)
d−y =
∫
2jTn
|z|θ
|z|n(1 + |z|)
d−z
≤
∫
Rn
|z|θ
|z|n(1 + |z|)
d−z <∞,
we can apply Lemma 3.1 a) to obtain the assertion of a).
b) We consider the difference(
op[ϕj ] op[a]− op[a] op[ϕj ]
)
f(x)
=
∑
κ∈N0
∫
Tn
∫
Tn
Kjκ(x, y, z)(op[χκ]f)(x− y − z)d
−yd−z
with
Kjκ(x, y, z) := K
(2)
jκ (x, y, z)−K
(1)
jκ (x, y, z)
=
∑
k,ℓ∈Zn
eiℓ·yeik·zϕj(ℓ)ϕκ(k)
(
a(x− y,k)− a(x,k)
)
=
( ∑
ℓ∈Zn
eiℓ·yϕj(ℓ)
)( ∑
k∈Zn
eik·zϕκ(k)
(
a(x− y,k)− a(x,k)
))
=: K˜j(y)K
′
κ(x, y, z).
We apply Theorem 2.7 with b(x,k) := a(x− y,k)− a(x,k) where y ∈ Tn is
fixed. By the definition of Sm,ρ,r we have
‖b‖(ρ,0)m = max
|α|≤ρ
sup
x∈Tn
sup
k∈Zn
〈k〉|α|−m‖∆αk(a(x− y,k)− a(x,k))‖L(E)
≤ |y|r‖a‖(ρ,r)m .
Note that 0 < r < 1. From Theorem 2.7 we get
‖K ′κ(x, y, z)‖L(E) ≤ C|y|
r2κm‖a‖(ρ,r)m gκ,θ1(z) (x, y, z ∈ T
n)
for arbitrary θ1 ∈ (0, 1). Another application of Theorem 2.7 with constant
symbol b(x,k) = idE yields
‖K˜j(y)‖L(E) ≤ Cgj,θ2(y) (y ∈ T
n)
for all θ2 ∈ (0, 1). Therefore,
‖Kjκ(x, y, z)‖L(E) ≤ C2
κm‖a‖(ρ,r)m |y|
rgκ,θ1(z)gj,θ2(y).
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Because of r ∈ (0, 1), we can choose θ2 ∈ (0, 1 − r) and obtain for θ0 :=
θ2 + r ∈ (0, 1)
|y|rgj,θ2(y) = |y|
r (2
j |y|)θ2
|y|n(1 + 2j |y|)
= 2−jrgj,θ0(y).
Therefore,
Kjκ(x, y, z)‖L(E) ≤ C2
κm2−jr‖a‖(ρ,r)m gj,θ0(y)gκ,θ1(z).
We have seen above that ‖gj,θ0‖L1(Tn) ≤ C <∞ and ‖gκ,θ1‖L1(Tn) ≤ C <∞.
Therefore, we can apply Lemma 3.1 b) to get∥∥( op[ϕj ] op[a]− op[a] op[ϕj ])f∥∥Lp(Tn,E)
≤ C2−jr‖a‖(ρ,r)m
∑
κ∈N0
2κm‖[opχκ]f‖Lp(Tn,E).
By the definition of χκ,∑
κ∈N0
2κm‖ op[χκ]f‖Lp(Tn,E)
=
∑
κ∈N0
2κm
(
‖(op[ϕκ−1] + op[ϕκ] + op[ϕκ+1])f‖Lp(Tn,E)
≤ (2−m + 1 + 2m)
∑
κ∈N0
2κm‖ op[ϕκ]f‖Lp(Tn,E)
= C‖f‖Bmp1(Tn,E).
Therefore,
‖(op[ϕj ] op[a]− op[a] op[ϕj ])f‖Lp(Tn,E) ≤ C2
−jr‖a‖(ρ,r)m ‖f‖Bmp1(Tn,E).
Together with part a) this yields the assertion of b). 
The last lemma is the essential step in the proof of Besov space continuity.
The following theorem is the main result of the present paper.
Theorem 3.3. Let m ∈ R, ρ ∈ N with ρ ≥ n + 1, and r ∈ (0,∞), and let
a ∈ Sm,ρ,r. Then for s ∈ (0, r) and p, q ∈ [1,∞], the mapping
op[a] : Bs+mpq (T
n, E)→ Bspq(T
n, E)
is continuous. Moreover,
(a 7→ op[a]) ∈ L
(
Sm,ρ,r, L
(
Bs+mpq (T
n, E), Bspq(T
n, E)
))
.
Proof. (i) We first consider the case r ∈ (0, 1). We start with showing that
op[a] : Bs+mp1 (T
n, E) → Bsp1(T
n, E)
is continuous. For that we will use the density of C∞(Tn, E) in Bs+mp1 (T
n, E)
(see [4], Theorem 3.15). Let f ∈ C∞(Tn, E). Then by Lemma 3.2 b) we
obtain that∥∥ op[a]f∥∥
Bsp1(T
n,E)
=
∞∑
j=0
2js‖ op[ϕj |Zn ] op[a]f‖Lp(Tn,E)
≤ C ‖a‖(ρ,r)m
( ∑
j∈N0
2j(s+m)‖ op[χj]f‖Lp(Tn,E) + ‖f‖Bmp1(Tn,E)
∑
j∈N0
2j(s−r)
)
.
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We have seen in the proof of Lemma 3.2 that the first sum can be estimated
by C‖f‖Bs+mp1 (Tn,E)
. For the second term, we note that
∑
j∈N0
2j(s−r) is fi-
nite because of r > s and use the continuous embedding Bs+mp1 (T
n, E) →֒
Bmp1 (T
n, E). Therefore,
‖ op[a]f‖Bsp1(Tn,E) ≤ C‖a‖
(ρ,r)
m ‖f‖Bs+mp1 (Tn,E)
which shows the continuity of op[a] : Bs+mp1 (T
n, E) → Bsp1(T
n, E) as well as
the continuity of a 7→ op[a] for q = 1.
For general q ∈ [1,∞] we use real interpolation theory: For q ∈ [1,∞], we
choose some 0 < ε < 1 such that s− ε, s+ ε ∈ (0, r) . Then
Btpq(T
n, E) =
(
Bt−εp1 (T
n, E), Bt+εp1 (T
n, E)
)
1/2,q
for t ∈ {s, s+m} .
Now the continuity of
op[a] : Bs±ε+mp1 (T
n, E) → Bs±εp1 (T
n, E)
and real interpolation immediately give the continuity of
op[a] : Bs+mpq (T
n, E)→ Bspq(T
n, E).
In the same way, the continuity of the map a 7→ op[a] follows.
(ii) Now let r ∈ [1,∞), and let s ∈ (0, r). We first assume that s 6∈ N,
i.e., s = s0 + s1 with s0 ∈ N and s1 ∈ (0, 1). We choose r˜ ∈ (s, r] such that
r1 := r˜ − s0 ∈ (0, 1). Then a ∈ S
m,ρ,r˜ by the definition of the symbol class.
We make use of an equivalent norm in Bspq(T
n, E). More precisely, there
exist constants c1, c2 > 0 such that
c1
∑
|α|≤s0
‖∂αxu‖Bs1pq (Tn,E) ≤ ‖u‖Bspq(Tn,E) ≤ c2
∑
|α|≤s0
‖∂αx u‖Bs1pq (Tn,E) (3–1)
for all u ∈ Bspq(T
n, E), see [2], (5.19), for the case of Rn, and [3], proof of
Theorem 2.3, for the one-dimensional torus.
Let f ∈ C∞(Tn, E), and let j ∈ N0 and α ∈ N
n
0 with |α| ≤ s0. By
Lemma 2.6 d) and the Leibniz rule, we have
op[ϕj ]∂
α
x op[a]f = ∂
α
x op[ϕj ] op[a]f
= ∂αx
[ ∑
κ∈N0
∫
Tn
∫
Tn
K
(2)
jκ (x, y, z)(op[χκ]f)(x− y − z)d
−yd−z
]
=
∑
β≤α
∑
κ∈N0
∫
Tn
∫
Tn
(∂βxK
(2)
jκ )(x, y, z)
(
op[χκ]∂
α−β
x f
)
(x− y − z)d−yd−z
=
∑
β≤α
(
α
β
)(
op[ϕj ] op[aβ](∂
α−β
x f)
)
(x)
with the symbol aβ(x,k) := (∂
β
xa)(x,k) (x ∈ Tn, k ∈ Zn). Here we note that
for all |β| ≤ s0, we have aβ ∈ S
m,ρ,r0 with ‖aβ‖
(ρ,r0)
m ≤ C‖a‖
(ρ,r˜)
m ≤ C‖a‖
(ρ,r)
m .
In particular, the series over κ above are uniformly convergent with respect
to x by Lemma 2.6 d) and we may change the order of differentiation and
integration.
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For |α| ≤ s0 and β ≤ α, we can apply part (i) of the proof and obtain
‖ op[aβ]∂
α−β
x f‖Bs1pq (Tn,E) ≤ C‖aβ‖
(ρ,r0)
m ‖∂
α−β
x f‖Bs1+mpq (Tn,E)
≤ ‖a‖(ρ,r)m ‖f‖Bs+mpq (Tn,E).
Together with (3–1), this yields
‖ op[a]f‖Bspq(Tn,E) ≤ c2
∑
|α|≤s0
‖∂αx op[a]f‖Bs1pq (Tn,E) ≤ C‖a‖
(ρ,r)
m ‖f‖Bs+mpq (Tn,E).
This shows the desired continuity in the case s ∈ (0, r) \N. Finally, if s ∈ N,
we choose ε ∈ (0, 1) with 0 < s− ε < s+ ε < r. As we have seen,
op[a] : Bs+m±εpq (T
n, E) → Bs±εpq (T
n, E)
is continuous. Now the continuity of
op[a] : Bs+mpq (T
n, E)→ Bspq(T
n, E)
again follows by real interpolation (. . .)1/2,q. So we have seen that the con-
tinuity of the operator op[a] stated in the theorem as well as the continuity
of a 7→ op[a] hold in all cases. 
Remark 3.4. a) As a particular case, we obtain the continuity of op[a] in the
case of x-independent symbols. In fact, this could more easily be obtained by
the observation that op[ϕj ] op[a] = op[a] op[ϕj ] holds in this case. Therefore,
one can apply Lemma 2.6 b) and Lemma 3.2 a) and avoid double integrals.
The case of x-independent symbols was already shown in [4], Theo-
rem 3.17. However, the proof in [4] was based on the connection between
the symbols on Zn and the symbols on Rn. In fact, every symbol on Zn can
be extended to a symbol on Rn belonging to the same symbol class (see
[16], Theorem II.4.5.3, and the transference principle in [11], Section 5.7).
In the present paper, we formulated a proof which is independent of this
fact. Therefore, the present proof might serve as a basis for generalizations
to more general groups instead of Tn.
b) As the symbols considered here are of restricted smoothness, we do
not obtain continuity in the full scale of Besov spaces. That the range of
continuity is restricted becomes obvious if we take a symbol a(x,k) = b(x)
independent of k, where b ∈ Cr(Tn, L(E)). In this case, a ∈ S0,ρ,r and
(op[a]f)(x) =
∑
k∈Zn
∫
Tn
eik·yb(x)f(x− y)d−y = b(x)f(x) (x ∈ Tn).
Taking f(x) as a constant function, we see that in general op[a]f ∈
Cr(Tn, E) cannot be improved.
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